We study the effects of flavor symmetry breaking on holographic dense matter and compact stars show that the mass-radius curve changes drastically at a transition density from which the third flavor begins to appear in the matter.
I. INTRODUCTION
Based on the Anti de Sitter/conformal field theory (AdS/CFT) correspondence [1] [2] [3] , possibilities of studying strongly interacting systems such as quantum chromodynamics (QCD) at low energy have been explored. There are in general two distinct ways to construct holographic dual models of strongly interacting systems. One is a top-down approach based on stringy D-brane configurations. Another is a bottom-up approach, where a 5D holographic dual is constructed from a boundary field theory such as QCD. For reviews on holographic QCD we refer to [4] .
Compact stars that we are interested in are neutron stars in which strong interaction dominates. Neutron stars have been observed mainly in radio pulsars and low mass Xray binaries (LMXB). Most of the radio pulsars are single neutron stars with which mass measurement is very hard, hence neutron star masses have been estimated mainly in binaries [5, 6] . The maximum mass of neutron star is believed to be larger than 2M , the mass of neutron stars in neutron star-white dwarf binaries J1614−2230 [7] and J0348+0432 [8] . In addition, possibilities of estimating both mass and radius of neutron star in LMXB have been suggested [9] [10] [11] . Based on these observations, many neutron star equations of state have been ruled out. However, due to the uncertainties in the equations of state at high densities beyond normal nuclear matter density, the inner structure of neutron star is still unknown.
Symmetry energy and the strange quark may play a very important role in describing the central region of neutron stars. Symmetry energy is the energy difference due to the asymmetry in isospin, i.e., the number of protons and neutrons. After the discovery of 2M neutron stars [7, 8] harder equations of states are favored in many literature and the symmetry energy turned out to be crucial in making the harder equations of states. On the other hand, as density increases, the Fermi energy of up and down quarks (neutrons and protons) becomes very high and the strange quark (hyperon) should come in because the introduction of one more quark degree of freedom can reduce the total energy of the system. The strange quark is neither light nor heavy compared to the other quarks in the density region which we are interested in. In many effective models, the strange quark has been treated separately from up and down quarks mainly due to the current quark mass differences.
In our previous work [12] , we used the equation of state (EoS) from holographic QCD models to see if any holographic QCD models support a stable compact star. Even though the radii of holographic stars are much larger than those of observed neutron stars, we found that the stable compact stars are possible in the D4/D6 model. For a recent study on holographic neutron stars based on the probe D8 brane we refer to [13] . In the present work, we use the D4/D6 model (in the confining phase) to investigate the effects of flavor symmetry breaking on holographic dense matter and compact stars. As well known, one of the excellent points of the D4/D6 model is that the model can easily incorporate non-zero quark masses. Therefore, the D4/D6 model may be suitable for investigating flavor physics, especially phenomena associated with explicit flavor symmetry breaking due to the quark mass differences.
In Sec. II we introduce the model and discuss previous works in the D4/D6 model with different quark masses. In Sec. III we discuss the meson mass splitting and demonstrate that the model might be an adequate tool for investigating asymmetric dense matter with N f > 1.
In Sec. IV the quark-antiquark condensates are discussed to see their flavor dependence in the asymmetric dense matter. In Sec. V we study the effects of explicit flavor symmetry breaking on the properties of compact stars. Our discussion follows in Sec. VI.
II. D4/D6 MODEL WITH EXPLICIT FLAVOR SYMMETRY BREAKING
In this section, we introduce the D4/D6 model [14] and its extended version in (asymmetric) dense matter with N f ≥ 1 [15] [16] [17] . In the probe approximation, the N c D4 branes are replaced by the corresponding type IIA SUGRA background while N f D6 branes are treated as probes. The solution of the confining D4 brane reads
where f (U ) = 1 − (U KK /U ) 3 and 4 and Ω 4 denote the volume form and volume of the unit S 4 , respectively. The D4 branes are compactified in the τ -direction, and U is considered as a radial coordinate of the transverse to the world-volume of branes. The dimensionless radial coordinate ξ is defined by
The parameters in string theory are related to those in gauge theory as
with the 't Hooft coupling λ ≡ g 2 YM N c . To describe the D6 brane configuration, the background metric Eq. (1) is rewritten as
where
The distance between D4 and D6 branes at z = ∞ is interpreted as quark mass and the coefficient of the second term corresponds to the quark-antiquark condensate; r(z → ∞) ∼ m q + c q /z . Then, the Dirac-Born-Infeld (DBI) action for the D6 brane, in the case of N f = 1, becomes
where µ
source of the gauge field is the end point of the fundamental strings. We define the dimensionless quantityQ,
whereQ is related to the number of fundamental strings Q throughQ = Q/(2πα τ 6 )(U KK /2 2/3 ). The Hamiltonian of the D6 brane is obtained through the Legendre transformation,
This D4/D6 model is extended to dense matter in the confined phase for N f = 1 [15] and for N f = 2 [16] . (For details on the D4/D6 model in dense matter, we refer to [15, 16, 18] .) A compact D4 brane wrapping on the 4-sphere S 4 transverse to R 1,3 is interpreted as a baryon [18] . To describe the compact D4 brane, the S 4 part of the background metric is rewritten as dΩ
. The world-volume coordinates of the compact D4 is ( t, θ, ϕ α ), where θ is the polar angle from the south pole. To study dense matter, we turn on the time component of the gauge field A t . The SO(4) symmetry gives the ansatz that all fields depend on θ, i.e., ξ(θ) and A t (θ). The induced metric on this D4 brane is
whereξ = ∂ξ/∂θ. The DBI action of the compact D4 brane is then
Hamiltonian of the compact D4 brane is also given by the Legendre transformation,
whereD is given bỹ
Now, we consider a stability of the D4/D6 system in dense matter. Since N c fundamental strings are attached on each compact D4 brane, there exist
branes. The other end of the fundamental string is attached to the D6 brane as a source of the gauge field. Since the tension of the string is always larger than that of the brane, the fundamental strings pull both D4 and D6 branes, and then the compact D4 and D6
branes meet eventually at a point. To secure the stability of the system, the force at the cusp should be balanced, i.e.,
The force due to the brane tension at the cusp is given by the variation of its Hamiltonian with respect to the position of contact point,
At zero temperature, energy density and pressure p are calculated as
where Ω andΩ denote the grand canonical potential and its Legendre transform, respectively.
These can be obtained from the on-shell action and Hamiltonian,
When we calculate the on-shell values of the probe D6 branes, the integration with the infinite range of z diverges. Therefore, we should subtract out the zero-density contribution.
III. MESON MASS SPLITTING IN ASYMMETRIC DENSE MATTER
In this section, we recapitulate the meson mass splitting done in [17] to demonstrate the usefulness of the D4/D6 model in studying flavor physics such as (strong) isospin symmetry breaking. To study the dynamics of multi D-branes, one has to start with a non-Abelian DBI action. We use the equation of motion for vector mesons obtained in [17] and calculate the properties of off-diagonal vector mesons (for instance, ρ ± in nature). Though we may have to use m 2 /m 1 2 to discuss realistic isospin physics, for illustration purpose, we take discussed in [17] , this behavior is similar to the transition from nuclear matter to hyperon matter studied within conventional mean field models.
In addition to the work summarized above, there are other studies that may imply the relevance of the D4/D6 type model to physical phenomena with different quark masses. In [16] , a transition from matter with only a single flavor (lighter one) to matter with two flavors (lighter and heavier ones) was studied. It is shown that the transition is almost first order and the number of heavier flavor quarks jumps rapidly at the transition density. As discussed in [16] , this result mimics nuclear matter to hyperon matter transition which may exist in nature, especially in the interior of neutron stars. In [19] , the symmetry energy as a function of the dimensionless density with three flavors (m 1 = m 2 < m 3 ) was calculated in the D4/D6 model. It is shown that the slope of the symmetry energy curve suddenly decreases at the transition density from matter with two light quarks to matter with two light and one intermediate mass quarks. Here α is defined byQ 2 = αQ.
IV. QUARK CONDENSATES
In this section we study the effect of explicit flavor symmetry breaking on quark condensates. We consider a two-flavor system with masses m 1 and m 2 . For simplicity, we again call a quark with m 1 (m 2 ) as up (down) quark. We can easily read off the quark-antiquark condensate from the asymptotic form of the embedding function, r(z → ∞) ∼ m q + c q /z .
In Fig. 3 we show ūu and d d as a function of dimensionless densityQ, whereQ c is the transition density from a dense matter with only up quarks in the ground state to a matter with both up and down quarks. Here, we take m 2 /m 1 = 7 for illustration purpose. We observed a similar tendency with m 2 /m 1 = 3, 15, 30.
In general, one can schematically understand why the quark condensate decreases with density based on the Pauli principle similar to the meson mass splitting. As the density increases, the low lying phase space relevant for quark-antiquark condensates is occupied by the fermions that constitute the Fermi sea, and thereby forming quark-antiquark condensates requires much energy. At low densities (before the transition), only up quarks are in the ground state, and it is expected that ūu decreases with density while d d may stay constant. After the transition, down quarks start to stack in the ground state rapidly as in Fig. 2 while the density of up quarks is decreasing accordingly. Therefore, it is expected that d d drops and ūu increases suddenly right after the transition. Our results in Fig. 3 near the transition density behave as if there exist a well-defined Fermi sea since they show expected behavior; see, for instance, [20] and [21] for similar observations in a different context. But, it is not clear whether the well-defined Fermi sea really exists since both ūu and d d eventually increase with densities at high densities and our basic degrees of freedom are bosons as in the DBI action.
V. HOLOGRAPHIC COMPACT STARS: FLAVOR DEPENDENCE
In this section we study how the quark mass difference and the presence of a third flavor affect the properties of compact stars. We will focus on the mass and radius of the stars.
For simplicity, we refer to the quarks with masses m 1 , m 2 and m 3 as up, down and strange quarks, respectively.
Firstly, we consider a two-flavor system with masses m 1 and m 2 . As done in [16] and [17] , we solve the equations of motion for the D4 and D6 branes numerically using the free parameters ξ 0 , α, m 1 and m 2 , where ξ 0 is the initial value of the position variable of the D4 brane. We take various mass ratios m 2 /m 1 = 1, 2, 7, 15, 20 with m 1 = 0.1. Using the relation in [22] , m 1 = 0.1 corresponds to 23.2 MeV. For eachQ, which represents the total number density of the system, we optimize the parameters ξ 0 and α to obtain the lowest energy configuration using the force balance condition between the D4 and D6 branes given in Eq. (13) . As shown in [16] and [17] , we find that the lowest energy configuration is at a non-zero α starting from a certain transitionQ c . In fact, with these asymmetric mass ratios, i.e., m 2 /m 1 > 1, the α value increases with increasing density and saturates to 0.5 as expected. This way we obtain the energy density and pressure according to Eq. (15) and put them into the TolmanOppenheimerVolkoff (TOV) equations together with the number density (which is transformed into the matter density) to calculate the mass and radius of a compact star. The TOV equation is given by dp dr
where r is the circumferential radius and ρ is the baryonic number density. The integrated mass of the compact star is obtained through m(r) ≡ 4π r 0 (r )r 2 dr .
We present the mass-radius relations obtained from the equations of state of these asymmetric mass ratio configurations, in Fig. 4 . The results show that there exist two distinct groups in the mass-radius relation curves depending on the value of the quark mass ratio.
Note that for small quark ratios, m 2 /m 1 = 1, 2, 7, the matter consists of almost equal number of two quarks even at low densities, while for m 2 /m 1 = 15, 20 there is a transition at a finite density from matter with up quarks only to matter with up and down quarks. As well known, matter with more flavors has a softer EoS due to small Fermi pressure, leading to a compact star with lower maximum mass and smaller radius as shown in Fig. 4 . We can see the effect more clearly for the case with larger quark ratios. In most of the cases, at the transition point (Q c ), the mass of the holographic compact stars suddenly drops as we increase the central density, i.e., as we approach the smaller radius. As discussed in Sec. IV, we may not have a well-defined Fermi sea since we are dealing with bosons. Nevertheless, it is interesting that our results mimic the phenomena associated with the presence of a Fermi sea.
Now we consider a three-flavor system with masses m 1 , m 2 , and m 3 . Since the mass of the strange quark is much larger than those of up and down quarks, we assume that GeV.Q c denotes the transition density.
two-flavor case, there will be a transition from matter with only up and down quarks to matter with up, down, and strange quarks. In nature, this may correspond to nuclear matter to hyperon matter transition. Note that we are in the confined phase since our background is the confining D4 geometry. For illustration purpose, we choose m 3 /m 1 = 7, 12, 15, 20, 30 and show the results in Fig. 5 .
As observed in the two-flavor case, there is a sudden change in the mass-radius curve at the transition density. This is due to the emergence of the third flavor in the ground state at the transition point. For m 3 /m 1 = 1, there is a dip in the mass-radius curve when the EoS undergoes the aforementioned transition, but at this mass ratio, the EoS suddenly becomes softer when it transitions from two-flavor to three-flavor matter. This is evident in the pressure versus matter density relation of the EoS in Fig. 6 , where the slope suddenly drops after the third flavor appears in the matter. This region, where the EoS suddenly becomes softer after the transition, corresponds to the region in Fig. 5 where the dM/dR is negative, i.e., branch 1, indicating that the star is unstable. When the central density increases, the star becomes stabilized again, as the EoS becomes hard enough to support the piling up of matter. We show the density profiles of two star configurations with this EoS in Fig. 7 . The star on branch 1 in Fig. 5 is much more dilute compared to that on branch 2, indicating that much more matter could be piled up in the latter compared to the former.
For m 3 /m 1 = 2, however, this dip becomes much less pronounced, and as the mass ratio increases beyond this, the dip vanishes since at these mass ratios, the EoS with only two flavors is comparable to that with three flavors right after the transition. At these mass ratios, the slope of the pressure versus matter density relation does not drop as drastically as compared to the m 3 /m 1 = 1 case after the matter transitions from two to three flavors. Similar to the m 3 /m 1 = 1 case, as the central density is increased further for these mass ratios, the three-flavor EoS becomes much harder, to the point where its stiffness exceeds that with two flavors. The distinguishing point in these higher mass ratio cases is that the hardening occurs in a much shorter range of central densities after the transition, compared to the m 3 /m 1 = 1 case.
As for the radii of the stars in Fig. 5 in general, we observe that they are still much larger than the realistic neutron star radii [9] [10] [11] . However, since the masses are in the reasonable range, we believe that our work shows the applicability of holographic models to compact stars.
VI. DISCUSSION
In this work, we studied the effects of explicit flavor symmetry breaking due to quark mass differences on the holographic asymmetric dense matter and compact stars in the D4/D6 model. Due to the fact that the D4/D6 model can easily incorporate non-zero quark masses, we assume that the model may be suitable in investigating flavor physics, especially phenomena associated with explicit flavor symmetry breaking. Previous works with the D4/D6 model in asymmetric dense matter [16, 17] seem to support this assumption.
We calculated the meson mass differences and the quark-antiquark condensates in asymmetric dense matter and found that our quark-antiquark condensates behave as if there exists a well-defined Fermi sea, at least near the transition density. We investigated the infinite dense system to obtain the mass-radius relations of compact stars and observed that the masses of the holographic compact stars suddenly drop at the transition density as expected.
Even though our approach is very schematic, we showed the applicability of holographic QCD models in studying dense matter physics. In order to have more realistic holographic models, it will be important to have a clearer understanding of the relation between D-brane dynamics and results obtained in this work. In addition, it will be interesting to see if one can describe the other physical quantities associated with explicit flavor symmetry breaking using holographic models.
